
 

 

 

Abstract—In this paper we construct one mixed topology 

from a natural one with its compatible, based on concepts of 

inductive and projective topologies. We present some 

constructive definition for measurability and integrations in 

mixed topological space. We base it on [H. H. Schaefier, 

Topological Vector Spaces anad Application to Stochastic 

integration, Handbook of Measure Theory, Volume I, Elsevier, 

2002], and moderate the works of Memetaj [S. Memetaj Tema 

Integrimi ne Hapesirat lokalisht konvekse, Mokra, Tiran 

2007], and practically achieve the same results as in the case 

of Frechet space.   

 

Keywords—Summable families, mixed topology, locally 

convex space, Frechet space. 

I. INTRODUCTION 

HIS paper is affected from well-known concepts of 

summable families developed from Pietsch [5] and 

their applications to the mixed topologies studied from 

Cooper[2]. We construct one mixed topology from a 

natural one with its compatible, based on concepts of 

inductive and projective topologies. These allow us to 

give some more descriptive definitions for measurability 

and integration of the set functions. In the second 

section we define two topologies and compare them with 

each-other. In the third section we give some known 

definitions and extend them for the measurability of 

functions and we extend some properties of the 

integration in locally convex Fréchet spaces to the mixed 

topologies ones. A family of numbers .[ ]i I  is a set of 

real or complex numbers which are corresponded in an 

unique way to the elements i  of an index directed set 

I .  

We denote the collection of all finite subsets of I  with 

F  and with F (I) the family of these subsets. Construct 

the partial finite sum 

F i

i F

 


 ,   F F (I). 

If the system of these finite sums ( )F , for every F 

F (I) is convergent, the family .[ ]i I is called summable 

and a sum of these partial sums is considered the sum of 

series. We denote 

i

I

   

Lemma 1.1 [5, p.18]. A family of numbers .[ ]i I  is 

summable if and only if there is a positive number   

for which F F (I) the inequality  

| |i

F

                         (1) 

is valid.  

This condition is valid and for the summability of the 

family iD[| |,  I].  

Let { }iX  a family of the seminormed, generated 

from family of seminorms{ }ip . It is known that the 

cartesian product 

1

r

i

i

X


   is seminormed from at 

least two important seminorms 
1

( ) ( )
r

i

i

e x p x


  and 

1
( ) max{ ( )}i

i r
h x p x

 
   and the inequality  

( ) ( ) ( )h x e x r h x                        (2) 

hold. 

We see that two above seminorms are equivalent in a 

cartesian product. 

II. THE SUMMABLE FAMILIES IN LOCALLY CONVEX SPACE 

Let us recall some definition from locally convex 

space. The index family [ , ]ix I  from locally convex 

space E  is called absolutely summable if for every 

neighborhood U  of zero, there is the number   such 

that stets the relation  

( )U i

I

p x   

It is followed immediately from the definition that 

collection { }E  of the absolutely summable families 

.[ ]ix I  is a linear space with the operations: 
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[ , ] [ , ] [ , ] and [ , ] [ , ]i i i i i ix I y I x y I x I x I      

If we take as seminorm  

 

.[ ] ( )U i U i

I

x I p x   

where U  is neighborhood of zero, we generate a family 

of locally convex spaces the so called - topollgy : 

Let us prove by constructing the topologies by means of 

summable families. In the index collection I  is finite, 

we can create the same topology if take the seminorm  

.[ ] max{ ( )}U i U i
i I

h x I p x


  

We pretend to extend this property for the infinite 

case. 

Let {(E ,  p )}  A     be the family of the seminormed 

spaces and denote E  the their cartesian product 

A

E E



  

Functions 

1p :  x ( ) ( )
A

x p x  


   

0 : ( ) sup{ ( )}
A

p x x p x  


   

are seminorms to the subspaces  

 1 1x E :  pE     

and 

 0 0x E :  pE     

Let us prove this only for 0p . 

1. 0 0( ) 0, (0) sup{ (0)}
A

p x p p


   

2. 

0 0( ) sup{ ( )} | | sup{ ( )} | | ( )
A A

p x p x p x p x 
 

   
 

  

 

3. 

( ) ( ) ( ) sup{ ( ) sup{ ( )
A A

p x y p x p y p x p y    
  

    

 

since  

0( ) sup{ ( )} sup{ ( )} sup{ ( )}
A A A

p x y p x p x p y  
  


  

   

 

We show that from the summability of the family 

[ , ]p I  comes that the 0p  is boarded. We use the finite 

case to arrive to the converse preposition. We need Zorn 

lemma for this. 

 

Lemma 2.1  If the family [ , ]S p A  is summable. 

There exists the real number    so that 

   

sup{ ( )}
A

p x





 .                                  (3) 

We consider only such   that F  and cartesian 

product E



 .By the inequations  (2) we have  

max{ ( )}
F

F

p x p 





   

Let us see the family of finite subsets F A  for 

fixed x  from the set E . The set of { }p as a set of 

finite ordered real numbers from [ , ]p A  has the 

maximum max{ ( )}
A

p x


. From the Zorn lemma there 

exists the number   so that  

sup{ ( )}
A

p x





  

Let ( )np  be a sequence of seminorms from the 

family  that for them holds 0np p . Let ( )n  be a 

sequence of positive real numbers converges to the   

, it is easy to prove that 

1

r
i

i i

p



  is seminorm in the 

cartesian product respective. 

Preposition 2.2 If for every A  inequality (3) 

holds, then the family [ , ]ip N   is summable. 

Proof. Let  

{ }k k NF                                         (4) 

be an increasing sequence of sets where the index are 

ordered in natural numbers, so 1 2{ , , }k kF i i i  and 

ti  for s t . Denote with  ,n kF  the finite set of 

indexes , \n k k nF F F . Consider the sum 

,,

1

n k

i

i Fn k

p
 

  

where , ,( )n k n kcard F   . We can see that ,( )n k  is 

the sequence that converges to   where 

n k   . Apply the equality (2) for the respective 

cartesian product we take  

               

,
,

,( )max{ }
n k

n k

i n k i
i F

i F

p card F p




  

or  

,
,,

1
max{ }

( ) n k
n k

i i
i F

i Fn k

p p
card F






   

This proves that the family [ , ]i

k

p
N


 is summable by 

suitable choosing of k  . In order to prove that the 

family [ , ]ip N  is summable we suppose the contrary. 

By this option, there exists the positive number r  and 

the increasing sequence of sets  

   1 2, , , ,nF F F  
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and seminorms 
ip  for which holds   

,

2

n k

i

i F

p r


  

If we check the summable family [ , ]i

k

p
N


 and take the 

finite sum, where again 
k are chosen as 

, ,( )n k n kcard F   and  
,{ }n kF are from sequence (4), 

we take  

1 1 1
.

r r

i i i

N i F i Fi k

p p p r
r  

      

We take this important preposition for the numerable 

case. 

 

Preposition 2.3 If the family [ , ]p A is summable 

then the seminorms  0p  and 1p  are equivalent in the 

cartesian product of the seminormed spaces. 

Denoted with 1E  and 0E  respectively 
A

M E


  and 

A

M E



 . By virtue of above seminorms this space are 

seminormed space , they are complete if every E  is 

complete. 

We consider the two spectra functions so called 

contract{ : , , , }E E A         , where 

( )id E   for every   and if      then 

      . 

As the second spectra we take the function 

{ : , , , }i E E A          which is the 

linear contract with  ( )i id E  and for      

we have i i i   . 

Following the arguments given from [2] and [6]  in 

case of  the normed space we have:  

 

Proposition 2.4 The spaces 1E  and 0E  are 

respectively subspaces of projective and inductive limes 

of the space  E  considering only linear contracts. 

Proof.  a) Let A  ordered set. The projective limes of 

spectra   is the closed subspace of 
A

M E


  , we 

denote it with lim{ , }M E 


 , and is contained 

from 

{( )} , where ( ) for }
A

x M E x x    



  


  

 

b) Inductive limes of this spectra is space taken as the 

factor space of 

A

M E


  in relation with a subspace 

generated from the elements of the form 

( ( ))px i x  , if we consider every space E as a 

subspace of 

A

M E


  , taken in suitable manner .  

We can prove the preposition also from Samedini [7] 

arguments. 

We give the inductive limes another face. Suppose the 

E  is a closed subset of one seminormed space F  and 

A  is a ordered set such way that    if and only if 

E E  . This involves that i  to be a natural 

injective function. In this case, inductive limes is 

isomeric with the closure of   
A

M E


  in F . 

Let E  be a set where its topology is endowed with the 

a family seminorms [,A] which are uniformly bounded. 

This mean that for every A and x E , 

( )p x K   holds. Denote   the topology generate 

from this family of seminorms. We consider that family 

separate the points (total family). It is well-known that if 

we choose as neighborhood of zero the family  

, { :   finite set from  and for every , ( ) }F iV x E F A i F p x    

 we have locally convex topology. 

Denote 0 ( ) sup{ ( )}
A

p x p x


 . It easy to show that 

this function is seminorm in 

0 0{ : ( ) }E E x p x m    . Let ,x y  be two arbitrary 

points of E .Since the function p are convex for every 

  

( (1 ) ( ) (1 ) ( )p x y p x p y m            . 

This seminorm endowed on E   one other topology 

different from  , we denote this new topology with  . 

So we have two topologies in the same set E . In this 

case for the space E  we have the so called mixed 

topology and denote 0( , , )E p  . 

 

Preposition 2.5 The topologies   and   are 

compatible . 

Proof. We must prove that two topologies are 

comparable. Let V  be a neighborhood of zero in the 

space ( , )E  . We can write 0{ : ( ) }V x E p x    . 

Since for every A  we have ( )p x   , then 

,x V V   or  , ,F

F

V V V  



  . It proves that 

every open set of   is open set of  . The same is also 

inverse. 
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Although the triad 
0( , , )E p  doesn’t contain a 

normed space compatible in explicit form, we  know that 

the topology   generated from 0p  is more richer than 

locally convex topology  , so we can consider the 

mixed topology 
0( , , )E p  as a topology of Sax type . 

Preposition 2.6 The following  properties hold 

 

1) Every closed set in ( , )E  is closed in ( , )E   

2) For a set A E ,  -closure and  -closure 

have the relation ( ) ( )cl A cl A  . 

3) A bounded set in ( , )E   (totally bounded) is 

bounded (totally bounded) in ( , )E  . 

4) A Cauchy net in ( , )E  is a Cauchy net in 

( , )E  . 

5) A net is convergent to 0x  by   if it is 

converge to 0x  by  . 

6) If the space is complete (sequential complete) 

( , )E   so is ( , )E  . 

 

Proof. 1) This is evident from preposition 2.5 

2) Let ( )x cl A  signify that for every neighborhood 

of zero in this space 0( )x V A    . Since every 

neighborhood of zero ,FV  of the space ( , )E  contains 

this neighborhood for every A , we have that 

,( )Fx V A     on ( , )E  . This shows that 

( ) ( )
A

cl A cl A 



 , where ( )cl A is denoted the 

closure of A  in respect of topologies ( , )E p . We take 

our proof in regard to [8] and [4] where it is proved that  

  ( ) ( )
A

cl A cl A 



  

3) By virtue of [1], regarding that the function 

: ( , )
p A

h E L E p






  . ( ) ( )h x x  is 

homeomorphism of E  into ( )h E . It follows that 

function pr h  of ( , )E   into ( , )E p  is 

continuous. It implies that a set is bounded (totally 

bounded) on ( , )E   if and only if this is bounded 

(totally bounded) on every ( , )E p . Since the function 

0p  is continuous and convex , we have that for the 

bounded ( totally bounded ) set K  the set 0 ( )p K  is 

bounded in R , it follows that all the sets ( )p K  are 

bounded so is and K  on ( , )E  . The other properties 

can be proved in the same manner as the above ones. We 

note that in [4] is proved that these properties hold in 

( , )E   if and only if they hold in every ( , )E p . The 

inequation 

0( ) ( )n m n mp x x p x x      

realize that these sequences (nets ) are sequences (nets ) 

Cauchy in every space ( , )E p  and this brings the 

proof. 

Following the terminology from Cooper [2] we have 

the definition. 

 

Definition 2.7 ([2] ). Saks space is called the triplet 

( ,|| ||, )E  : when E  is vectorial space,   is a locally 

convex topology in E  and  || ||  is a norm in E   and 

satisfy the equivalent conditions 

a) Unit ball || ||B   is closed in ( , )E   

b) || ||  is lower semi-continuous for   

c) || || sup{ :  is a -continuous seminorm with || ||}p p p   

Is easy to see that our mixed topology fulfills the third 

condition not for a norm but for a seminorm, so we 

construct a new type of Saks space by extending the first 

one. 

III. INTEGRATION IN MIXED TOPOLOGY 

We present some constructive definition for 

measurability and integrations in a mixed topological 

space. We base it on [3, 6], and moderate the works of 

Memetaj [4], and practically achieve the same results as 

in the case of Frechet space. 

Let us suppose that ( , , )S   is a measure space 

where   is a nonnegative complete and finite measure 

and ( , )E   locally convex space generate from above 

continuous seminorms. Let us recall some well-known 

definition for measurability and integral -ability in these 

spaces.  

1) A function :f S E is said to be  -strongly 

measurable if there exists a sequence ( )nf  of 

measurable simple functions so that for every p and 

every 0   exists 0n   for all 0n n  holds 

( ( ) ( ))np f s f s     -a.e. in   

2) Let p . A function :f S E is measurable by 

p  if there exists the set 0,S S   with 

0,( ) 0S   and the sequence   n
n N

f 


 of 

measurable simple functions such that 

lim ( ( ) ( )) 0n
n

p f s f s




   for every 0,\s S S  . In 

this case it is said that the function :f S E is 

measurable by  -seminorms if it is measurable by each 

p. 
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3) A function :f S E  is said to be  -measurable if 

for every positive real number 0   exists 
0n  for all 

0n n  holds 
0( ( ) ( ))np f s f s      a.e. where 

0 sup{ : }p p A   .  

Immediately we take the preposition. 

Preposition 3.1 If the function :f S E is  -

measurable then it is  -srtongly measurable and 

measurable by seminorms. 

Let us observe the feature of  -measurability and 

compare this with the above measurability. Let us prove 

in the beginning the visible lemma. 

 

Lemma 3.2 The subspace of one locally convex 

separable space is also a locally convex separable 

space. 

Proof. Let  0E  be a locally convex subspace of locally 

convex space E , generated from one family of 

seminorms { }p  and 0E E . Denote A  the 

numerable set of 1 2{ , , }A a a  everywhere dense in 

E . Denote 1 1( , ) { : ( , ) }ij i ij j
K K a x E p a x     

the ball with center the point  of ia A  and radius 1
j

. Let 

be 0x E . If  0ijK E    denote with ijb on point 

of this intersection. Denote with B  the set of these 

points: { }nB b . Show that numerable set and 

everywhere dense in 0E  . Let x  be a point of 

0E .Chose an arbitrary 0  , such that 2
j

 . Since 

set A  is dense on E , there exists a point 
1 from   ,  that ( , )i i j

a A p a x  . It follows that 

ijx K  and ,( ) ( , ) ( , ) .ij ij i ip b x p b a p a x     

We can prove many properties that come from  -

measurability. We recall some of them. 

 

Preposition 3.3  If the :f S E is -measurable 

function then 

a) The function f  is with almost separable value 

by    in ( , )E  and in every ( , )E     

b) For every open set G  at ( , )E  , on has that 

1( )f G
is open in  . 

Proof. By the virtue of definition of  -measurability 

of function, there exists the sequence of function nf  and  

the set 0 0 such that ( ) 0Z Z   and for every 

0  and 0n n  we have 0( ( ) ( ))np f s f s    for 

\s S Z . Evidently, the equation hold 

_________________

0 0( \ ) ( \ )n

n N

f S Z f S Z


  

The set  

_________________

0( \ )n

n N

f S Z


  is separable as the closure 

of a separable set. As the subspace of the separable the 

set ( \ )f S Z  is separable (lemma 3.2). Consider, 

preposition 2.6, property 2) we prove that  

0 0

____ ____

p p

A

A A


 . It follows that ( \ )f S Z  is separable 

in every( , )E  . 

Let G  be an open set in ( , )E  . Denote 
nG  the set 

of elements x G  so that 1

0 ( )
n

R x G . It seems clear 

that 0s Z  and ( )f s G  if and only if 

( )k nf s G for 0k n . Indeed when ( )k nf s G  it 

implies that 1
0( ( ), ( ))k n

p f s f s  . That means 

( )f s G  . On the other side, if ( )f s G , for every 

10 and 
n

   exists the natural number 0n  that for 

0k n  we have 1
0( ( ), ( ))k n

p f s f s  . That 

shows ( )kf s G . That proof of the first part comes 

from the equality 

1 1

0 0

, 1

( \ ) ( \ )k n

m n k m

f G Z f G Z
 

 

 

  

For the second part, consider implication 0Z Z  

for the every sequence function convergence by 

seminorms. We see that if G  is an open set  ( , )E   

this is open in ( , )E  . From the proof of the first part 

follows 
1( )f G  for every component ( , )E  . 

The relation between the locally convex spaces and their 

components are studied carefully from [4], and we use 

these concepts, and put another function from S  to 0E , 

where 0E  factor space of ( , )E  . Let ( , )E   be a 

generated topology from the family of seminorms 

{ } Ap  . The convex space ( , )E   consider as 

components of the space ( , )E   and topology embedded 

in this as the inductive topology from these topologies. 

Denote   :  ( ) 0Z x E p x    . As we know, this 

is a vectorial subspace . Denote   for every   factor 

function 

: \E E E Z      such that ( )x x   for 

every x E . 

It is know that the continuous function  

: , ( ) ( ) , for every p E R p x p x x E     
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is a norm on E  and the normed space ( , ( ) )E p   

is isometric isomorph with vectorial subspace 

{( ) : }n NE x E x E E     . The space 

( , ( ) )E p   is the dense subspace of Banach space 

( , ( ) )E p  . Denote with 0 0 0: \E E E Z   , 

where   0 0 :  ( ) 0Z x E p x    and with 

: ( , ) ( , )i E E   . Since   , we have  

0( )
ifS E E E 

    

The function f  is called a measurable component 

( , )E   by the measure   if there exists the sequence 

of simple functions ( )nf  converged almost uniformly to 

f  , meaning that: for every 0   there exists the set 

 such that ( \ )S S S    and the sequence of 

function converges uniformly on S . 

 

Preposition 3.4 ( [8] ) If the function :f S E  is 

measurable  by   on the component ( , )E   of the 

locally convex space ( , )E   and A  , then for 

every 0   exists A

 such that ( \ )A A   

and the set ( )f A  is totally bounded on ( , )E  . 

 

Lemma 3.5 ([4]) If the function :f S E  is 

measurable by   on component ( , )E   of the locally 

convex space ( , )E  , then exists a finite sequence of 

disjoint sets ( )kS   for which holds  

1)  1 2

1
\ ( )

2
k k

S S S S      

2) The set ( )kf S  is totally bounded on ( , )E  . 

 

Preposition 14. A function :f S E  is 

measurable in ( , )E   if and only if it is measurable by 

  in every component ( , )E  . 

Proof. The right part follows from the definition of 

measuarbility  .  

Prove the sufficient condition. Denote  

1

k

k k

i

T S


 . Fix 

A  and take the sequence of the sets ( )kT
. Since 

( )kf T
is a totally bounded set , for every 0  , there 

is an open cover with the balls ( (( ) )
ks TR f s

   of the 

set ( )kf T
 from which we can take the finite subcover 

1( (( ) ) krk

i iR f s

 
. 

Denote  

( ( ( )) , 1,2,k

i k i kF T R f s i r  

     

and 

1 1 1 2 1, \ ( )i i iE F E F F F F      

     . 

The above sequence is a sequence of disjoint sets 

and

1

kr

i k

i

E T 



 . 

From their construction we have  

00( )( {1,2, }( ( ( ) ( )) )k

k k is T i r p f s f s

      

. 

Let us construct the functions  

\
1

( ) 0
k

i k

r
k

k i E S T
i

f f s   


    

were ( )( ( ( ) ( )) ))k ks T p f s f s

     . 

Prove that the sequence ( )kf  converges almost 

uniformly after   to the function f  on ( , )E  . This 

follows from the fact that for every 0   we 

know lim ( ) 1k
k

T


 . 

Prove that sequence of the functions ( )nf  converges 

almost uniformly on space ( , )E  . For that denotes 

0 k

A

T T



  and we have 

0

|

( \ ) ( \ ) ( \ )k k

A A

S T S T S T 

 

   
 

   . 

To prove that sequence ( )nf  converges uniformly to 

the function ( )f x  on 0T , we see the inequalities  

0 ( ( ) ( )) ( ( ) ( ))
2 2

n i n ip f s f s p f s f s 



 
      

or 

0( ( ) ( ))n ip f s f s   . 

and this finishes the proof. 

Moreover we introduce a descriptive definition of the 

Bochner integral in the case of locally convex space 

generated from the family of continuous uniformly 

bounded seminorms. 

Let us recall some important definition of 

integralability for locally convex spaces. 

(I)  A function :f S E  is said to be  

strongly   ( or BV )  integrable if 

there exists a sequence ( )n n Nf   

measurable simple functions such that : 

1. ( ) ( )nf s f s  a.e. by   in topology  , that 

is to say f is strongly  measurable. 
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2. 
1( ( ) ( )) ( )np f s f s L    for every n N  

and  

lim ( ( ) ( )) 0n
n

S

p f s f s d 


   for every p . 

3. 
n

A
f d  converges on ( , )E  for every A . 

In such case we write lim ( )n
n

A A

f d BV fd 


   . 

(II) A function :f S E is said to be integrable by 

seminorm p  if there exists the subset 

0, pS


of S  with  0, 0pS


   sequence 

( )n n Nf 
 measurable simple functions 

 n
n N

f 


 such that 

1. For every 0,\ ps S S


  

 lim ( ) ( ) 0n
n

p f s f s


   

2.  lim ( ) ( ) 0n
n

S

p f s f s d

 


  . 

3. For every A  exist the element Ax E  

such that 

  lim ( ) 0n A
n

S

p f s x d

 


  .  

Let us introduce another definition for mixed 

topologies 

(III) A function :f S E is said to be  

strongly   ( or BV )  integrable if 

there exists the sequence ( )n n Nf   

measurable simple functions ( )n n Nf   such 

that 

1. ( ) ( )nf s f s a.e. by   in topology  , so function 

f  is  - measurable 

2. 
1

0( ( ) ( )) ( )np f s f s L    for every n N  and  

0lim ( ( ) ( )) 0n
n

S

p f s f s d


  . 

     3. n
A

f d  converges at ( , )E  for every A . 

(the sequence ( )n n Nf  is said to be representative 

sequence of  f . 

From the definitions (I)-(III) one has 

 

Preposition 3.7 If the function f  is  ( BV )-

integrable then it is ( BV ) –integrable and integrable 

by seminorms. 

 

Preposition 3.8 If the space E  is sequential 

complete and function f  is ( BV ) integrable, 

sequence  ( )nf  is representative then 
0 ( )p f ) is 

Bochner integrable. 

Proof. We use the inequality 

0 0| ( ( )) ( ( )) | ( ( ) ( ( ))n m n mp f s p f s p f s p f s    and 

we have  

 

0 0 0 0| ( ) ( ) | ( )  for ,n m n m

S S

p f p f d p f f d m n n       

 

It means that the sequence 
0( ( ))np f  is the Chauchy 

sequence. Moreover 
0 0lim ( ) ( )n

n
p f p f


  and we have 

the representative sequence of 
0 ( )p f . 

We close our paper with a proposition that holds only 

for Banach and Frechet space 

 

Preposition 3.9 A function f  is   -integrable, if 

and only if, it is integrable by every seminorms p  for 

every A  . 

Proof. The necessary condition follows from the 

definition and preposition 3.8 by proving the sufficient 

condition. We suppose that the function is inetgrable by 

every seminorm p . Show that the sequence of 

functions constructed in preposition 3.7 is a 

representative sequence for the function f  on ( , )E  . 

We chose a A   that fulfills the condition 

0
2

p p


   and observe 

0 0

0 0

\

\

lim ( ( ) ( )) lim ( ( ) ( )) lim ( ( ) ( ))

lim ( ( ) ( )) lim ( ( ))

k k k
k k k

S T S T

k k
k k

T S T

p f s f s d p f s f s d p f s f s d

p f s f s d p f s d

  

 

  

 

  

 

     

  

  

 

(5) 

By virtue of inequality 

0

( ( ) ( ))
( )

kp f s f s
T






   

for every 0x T  we have  

0

0

0

0 lim ( ( ) ( )) ( )
( )

k
k

T

p f s f s T
T




 


        (6) 

if we consider that 

0lim ( \ ) lim ( \ ) 0k
k k

S T S T



 
 

   . Since the for 

every   seminorm p  is Bochner (Lebeg) integrable 

and is continuous we have  

  

0\

lim ( ( ) ( )) 0k
k

S T

p f s f s d 


          (7) 

If we substitute (6) and (7) to (5), and consider that 
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sequence ( )kf  uniformly converges after  to f  we 

have that sequence ( )kf  is a representative sequence 

of  on ( , )f E  . 
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