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Abstract—In this paper we construct one mixed topology
from a natural one with its compatible, based on concepts of
inductive and projective topologies. We present some
constructive definition for measurability and integrations in
mixed topological space. We base it on [H. H. Schaefier,
Topological Vector Spaces anad Application to Stochastic
integration, Handbook of Measure Theory, Volume I, Elsevier,
2002], and moderate the works of Memetaj [S. Memetaj Tema
Integrimi ne Hapesirat lokalisht konvekse, Mokra, Tiran
2007], and practically achieve the same results as in the case
of Frechet space.
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. INTRODUCTION

HIS paper is affected from well-known concepts of

summable families developed from Pietsch [5] and
their applications to the mixed topologies studied from
Cooper[2]. We construct one mixed topology from a
natural one with its compatible, based on concepts of
inductive and projective topologies. These allow us to
give some more descriptive definitions for measurability
and integration of the set functions. In the second
section we define two topologies and compare them with
each-other. In the third section we give some known
definitions and extend them for the measurability of
functions and we extend some properties of the
integration in locally convex Fréchet spaces to the mixed

topologies ones. A family of numbers [(f,l] is a set of
real or complex numbers which are corresponded in an
unique way to the elements 1 of an index directed set
l.

We denote the collection of all finite subsets of | with

F and with F (1) the family of these subsets. Construct
the partial finite sum

o =&, FeFQ).

ieF
If the system of these finite sums (o), for every Fe

F (1) is convergent, the family [& 1]is called summable
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and a sum of these partial sums is considered the sum of
series. We denote
o= Zf.
|

Lemma 1.1 [5, p.18]. A family of numbers [& 1] is
summable if and only if there is a positive number p
for which F e F (1) the inequality

dl&p

is valid.
This condition is valid and for the summability of the

family D[| & |, 1].
Let {X,} a family of the seminormed, generated

@)

from family of seminorms{p,}. It is known that the

r
cartesian product I1 :H X, is seminormed from at
i=L

.
least two important seminorms €(X) :Z p;(X) and
i=1

h(x) = r]r_1ax{ p;(X)} and the inequality

h(x) <e(x) <r-h(x)
hold.

We see that two above seminorms are equivalent in a
cartesian product.

@

I1. THE SUMMABLE FAMILIES IN LOCALLY CONVEX SPACE
Let us recall some definition from locally convex
space. The index family [X,,1] from locally convex

space E is called absolutely summable if for every
neighborhood U of zero, there is the number o such
that stets the relation

U P (X)<p
|
It is followed immediately from the definition that
collection {E} of the absolutely summable families
[x, 17 is a linear space with the operations:
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[x, 11+Ly;, 11=[x + vy, 1]Tand A[x, 1]=[Ax,1] We consider only such « that o € F and cartesian

If we take as seminorm product H Ea .By the inequations (2) we have
iy [x 1= 1y (%) max{p, (}<D P, <p
1 ac [
where U is neighborhood of zero, we generate a family Let us see the family of finite subsets F < A for
of locally convex spaces the so called 7z- topollgy : fixed X from the set E. The set of {p,}as a set of

Let us prove by constructing the topologies by means of finite ordered real numbers from [p,,A] has the
summable families. In the index collection | is finite,

we can create the same topology if take the seminorm maximum TS,Z({ P, (X)}- From the Zorn lemma there

hy [ 17 = max{p, (%)} exists the number @ so that
iel
We pretend to extend this property for the infinite sup{p, (x)}< 0
achA
case.
Let {(E,, p,)}._. be the family of the seminormed Let (p,) be a sequence of seminorms from the
spaces and denote E the their cartesian product family X that for them holds p, < p,. Let (4;,) bea
E = H E sequence of positive real numbers converges to the +o0
a r
Functions aeh , it is easy to prove that Z& is seminorm in the
i=1 74
i x=(x,)—> Z P, (x,) cartesian product respective.
_ ach Preposition 2.2 If for every o € A inequality (3)
Po:x=(x,) > ilig{p“ (x.)} holds, then the family [p,, N] is summable.
are seminorms to the subspaces Proof. Let
E = {X eE:ip< oo} {Fcden “)
and be an increasing sequence of sets where the index are
E, :{X cE : p, <oo} ordered in natural numbers, so F, ={i,,I,,---i, } and
Let us prove this only for p, . I, for s<t. Denote with F the finite set of
1. py(x) =0, p,(0) =sup{p, (0)} indexes F, = F, \'F, . Consider the sum
achA
2. B Z P,
Po (AX) =sup{p, (Ax)}= A |sup{p, (X)}= 1| py(X) Ao ich,
<t “<h where 4, =card(F,,) . We can see that (4,,) is
3. the sequence that converges to +o0  where
(x+ y) < P, (X)+ P, (y) <sup{p (x) +sup{p (y) n— k — 400 . Apply the equality (2) for the respective
acA aeA cartesian product we take
since > p<card(F, )max{p}
nk
Po (X +y) =sup{p, (Ax)} <sup{p, (X)}+sup{p, (V)} vl
aeA aehA aehA
or
We show that from the summability of the family Z p, < max{p}<¢9
[p,.1] comes that the p, is boarded. We use the finite card( i) iy
case to arrive to the converse preposition. We need Zorn p.
lemma for this. This proves that the family [, N] is summable by

Lemma 2.1 If the family S =[p,, A] is summable.  suitable choosing of 4, . In order to prove that the

There exists the real number & so that family [p;, N] is summable we suppose the contrary.
By this option, there exists the positive number  and

sup{p, (X)}< 6. (3)  the increasing sequence of sets

aechA Fl’FZ"”’Fn’.“

323



ANNALS OF THE ORADEA UNIVERSITY
Fascicle of Management and Technological Engineering
ISSUE #2, SEPTEMBER 2013, http://www.imtuoradea.ro/auo.fmte/

and seminorms ; for which holds

Z p, >r’

iR,k

If we check the summable family [% N] and take the

A, are
A =card(F, ) and {F, }are from sequence (4),
we take

finite sum, where again chosen  as

1 1 1
—n. > —D 2 —p. 2.
;l‘p. ieﬁﬂkp' ieZF,rp'

We take this important preposition for the numerable
case.

Preposition 2.3 If the family [p,, A]is summable

then the seminorms P, and P, are equivalent in the
cartesian product of the seminormed spaces.

Denoted with E, and E respectively MZEa and

aehA

M H E,, . By virtue of above seminorms this space are

aeA

seminormed space , they are complete if every E_ is

complete.
We consider the two spectra functions so called

contract{z,, ' E, > E,,a < B, a,f € A}, where
7, =1d(E) for every a and if <<y then
VALY LY

As the second spectra we take the function
{i,;,'E,>E;,a<p, a,feA} which is the
linear contract with i, =id(E,)and for a < <y
wehave I, =1, ©l,;.

Following the arguments given from [2] and [6] in
case of the normed space we have:

Proposition 2.4 The spaces E, and E, are
respectively subspaces of projective and inductive limes
of the space E_ considering only linear contracts.

Proof. a) Let A ordered set. The projective limes of
spectra 7z is the closed subspace of M Z E, . we

aehA

denote it with M _lif\{Ea:”pa}' and is contained

from

{(x,)}e M]]E, , where 7z, (x,) = x, for a < S}

aeA

b) Inductive limes of this spectra is space taken as the
factor space of M Z E, in relation with a subspace

aehA

generated from the elements of the form
(X, =iy, (X,)), if we consider every space Eas a

subspace of M Z E,, . taken in suitable manner .
aehA
We can prove the preposition also from Samedini [7]
arguments.
We give the inductive limes another face. Suppose the

E s a closed subset of one seminormed space F and

a

A is a ordered set such way that & < £ if and only if
E, = E,. This involves that i,, to be a natural

injective function. In this case, inductive limes is
isomeric with the closure of MZEa in F.

aehA
Let E be a set where its topology is endowed with the
a family seminorms [I",A] which are uniformly bounded.
This mean that for every aecAand XekE,
p,(X) <K holds. Denote 7 the topology generate

from this family of seminorms. We consider that family
separate the points (total family). It is well-known that if
we choose as neighborhood of zero the family

V. ={xeE: F finite set from A and for every i e F, p,(x) < £}

we have locally convex topology.
Denote P, (X) =sup{p, (X)}. It easy to show that

achA

this function is seminorm in
E,=E={X:p,(X)<m} . Let X,y be two arbitrary
points of E .Since the function p, are convex for every
a

P, (AX+(A=A)y<ap,(x)+(1A-2)p,(y)<m .

This seminorm endowed on E one other topology
different from 7, we denote this new topology with 77.

So we have two topologies in the same set E . In this
case for the space E we have the so called mixed
topology and denote (E, p,, 7).

Preposition 2.5 The topologies = and 7 are

compatible .
Proof. We must prove that two topologies are
comparable. Let V be a neighborhood of zero in the

space (E,77). We can write V ={x e E: p,(X) < &}.
Since for every € A we have p_(X)<é& , then
xeVcV, oo VcV, = ﬂVw . It proves that

aeF

every open set of 7 is open set of 77. The same is also
inverse.
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Although the triad (E, p,,7)doesn’t contain a
normed space compatible in explicit form, we know that
the topology 77 generated from [, is more richer than
locally convex topology 7, so we can consider the
mixed topology (E, p,, 7) as a topology of Sax type .

Preposition 2.6 The following properties hold

1)
2)

Every closed set in (E,7) is closed in (E,7)
For a sst Ac E, 7-closure and 7 -closure
have the relation cl, (A) = cl_(A).

A bounded set in (E,7) (totally bounded) is
bounded (totally bounded) in (E, 7).

A Cauchy net in (E,7n)is a Cauchy net in
(E,7).

A net is convergent to X, by 7 if it is

3)
4)

5)
converge to X, by 77.

If the space is complete (sequential complete)
(E,n) sois (E,7).

6)

Proof. 1) This is evident from preposition 2.5
2) Let x ecl, (A) signify that for every neighborhood

of zero in this space (X+V,) "A#¢. Since every
neighborhood of zero V, . of the space (E, 7) contains

this neighborhood for every o € A, we have that
(X+V,c)NA=¢ on (E,r). This shows that

cl,(A) = ﬂcla(A), where cl_(A)is denoted the

aeA
closure of A in respect of topologies (E, p,). We take
our proof in regard to [8] and [4] where it is proved that

cl.(A) =(cl,(A)

3) By virtue of [1], regarding that the function

h:E—>L=]](E p,). h(x) = (x),,is
P, €A

homeomorphism of E into h(E). It follows that

function pr oh of (E,7z) into (E,p,) is

continuous. It implies that a set is bounded (totally
bounded) on (E,7) if and only if this is bounded

(totally bounded) on every (E, p,). Since the function
P, is continuous and convex , we have that for the
bounded ( totally bounded ) set K the set p,(K) is
bounded in R, it follows that all the sets p, (K) are

bounded so is and K on (E, 7). The other properties

can be proved in the same manner as the above ones. We
note that in [4] is proved that these properties hold in
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(E,7) if and only if they hold in every(E, p,). The
inequation

P, (%, %) < Py(X, —X,) <&
realize that these sequences (nets ) are sequences (nets )
Cauchy in every space (E, p,) and this brings the
proof.

Following the terminology from Cooper [2] we have
the definition.

Definition 2.7 ([2] ). Saks space is called the triplet
(E,|I-1l,7) : when E is vectorial space, 7 is a locally

convex topology in E and ||-|| isanormin E and
satisfy the equivalent conditions
a) Unitball B, isclosed in (E, 7)

b) ||-|| is lower semi-continuous for 7

C) ||-|l=sup{p: p is a r-continuous seminorm with p <||- ||}
Is easy to see that our mixed topology fulfills the third
condition not for a norm but for a seminorm, so we
construct a new type of Saks space by extending the first
one.

We present some constructive definition for
measurability and integrations in a mixed topological
space. We base it on [3, 6], and moderate the works of
Memetaj [4], and practically achieve the same results as
in the case of Frechet space.

Let us suppose that(S,X, zz) is a measure space

where g is a nonnegative complete and finite measure

INTEGRATION IN MIXED TOPOLOGY

and (E,7) locally convex space generate from above

continuous seminorms. Let us recall some well-known
definition for measurability and integral -ability in these
spaces.

1) A function

measurable if there exists a sequence (f,) of

f:S—>Eis said to be 7 -strongly

measurable simple functions so that for every p, eI’ and
every £>0 exists n, for all n>n, holds
p,(f.(s)—f(S))<e wm-aeinz

2) Let peel’ . A function f :S — E is measurable by
p, if the Soe ©S  with

(S, ,,) =0and ( f )neN of

n
measurable simple functions such that
limp, (f(s)—f(s))=0 forevery s€ S\S, . In
n—oo !

this case it is said that the function f:S —Eis
measurable by 7 -seminorms if it is measurable by each
poel’.

there exists set

the  sequence
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3) A function f :S — E issaid to be 77-measurable if
for every positive real number & >0 exists n, for all
n>n, holds p,(f (s)—f(S))<e wu ae. where

p, =sup{p, 1z < A}.
Immediately we take the preposition.
Preposition 3.1 If the function f:S—>Eis 7-

measurable then it is 7 -srtongly measurable and
measurable by seminorms.
Let us observe the feature of 77 -measurability and

compare this with the above measurability. Let us prove
in the beginning the visible lemma.

Lemma 3.2 The subspace of one locally convex
separable space is also a locally convex separable
space.

Proof. Let E, be a locally convex subspace of locally

convex space E, generated from one family of
seminorms {p} and E;cE. Denote A the

numerable set of A={a,,a,,---} everywhere dense in
E. Denote K;=K(a,7)={xeE:p(a,x)<}
the ball with center the point @, of A and radius% . Let
be xe E,. If Ky NE;#¢ denote with by on point

of this intersection. Denote with B the set of these

points: B={b }. Show that numerable set and
everywhere dense in E;, . Let X be a point of
E,.Chose an arbitrary e >0, such that%<g. Since

set A is dense onE, there
a from A, thatp(a,x)<3. It

exists a point
follows that
xeK; and p(b; x) < p(b;,a)+ p(a, x) <e.
We can prove many properties that come from 77 -
measurability. We recall some of them.

Preposition 3.3 If the f :S — Eis 7-measurable

function then
a) The function f is with almost separable value

by u in (E,n)andinevery (E,7,)
b) For every openset G at (E,7,), on has that
f (G)isopenin .

Proof. By the virtue of definition of 77 -measurability
of function, there exists the sequence of function f_ and
the set Z, € X such that x(Z,) =0 and for every
&£>0and n>n, we have p,(f (S)—f(s))<e for
s e S\ Z . Evidently, the equation hold

f(S\Z,)=J f.(S\Z,)

neN

The set U f.(S\Z,) is separable as the closure

neN
of a separable set. As the subspace of the separable the

set f(S\Z) is separable (lemma 3.2). Consider,
preposition 2.6, property 2) we prove that

A_po c ﬂ A_po It follows that f(S\Z) is separable

aehA

inevery(E,z,).
Let G be an open setin (E,77). Denote G, the set

of elements X € G so that R2(X) = G . It seems clear

that se¢Z, and f(s)eG
f (s)eG, for k>n,. Indeed when f (s)eG, it
implies that  p,(f,(S), f(S)) <%. That means
f(s) e G . On the other side, if f(S) e G, for every
&>0and % exists the natural number n, that for
po(f,(s), F(S) <2, That
shows f, (S) € G. That proof of the first part comes
from the equality
£16\2) = | () 174G, \Z0)
m,n=1k=m
For the second part, consider implication Z, = Z,

for the every sequence function convergence by
seminorms. We see that if G is an open set (E,7)

if and only if

k>n, we have

this is open in (E,77). From the proof of the first part

follows f ~*(G) e X for every component (E, 7, .

The relation between the locally convex spaces and their
components are studied carefully from [4], and we use

these concepts, and put another function from S to Eg,
where E, factor space of (E,7). Let (E,7) be a
generated topology from the family of seminorms
{p,},.»- The convex space (E,z,) consider as
components of the space (E,7) and topology embedded
in this as the inductive topology from these topologies.
Denote Z = {X eE 1 p,(x)= O}. As we know, this

is a vectorial subspace . Denote ¢, for every a factor
function
@, ;E—>E, =E\Z, such that ¢, (X)=X for
every Xe E.

It is know that the continuous function
p:E, ->R, p(X)=p(x), foreveryX cE,

326



ANNALS OF THE ORADEA UNIVERSITY
Fascicle of Management and Technological Engineering
ISSUE #2, SEPTEMBER 2013, http://www.imtuoradea.ro/auo.fmte/

is a norm on E_ and the normed space (Ea,r( P,))

isomorph  with  vectorial subspace

The

is isometric
E ={(%),, cE:xcE}cE.
(Ea,r( P,)) is the dense subspace of Banach space
(E,,z(P,)). Denote with ¢,:E—>E,=E\Z,,
Zy={xeE : p,(x)=0}
i, :(E,z,) > (E,n).Since 7, =77, we have
S— SE—% »(E.)—«>E,
The function f is called a measurable component

space

where and  with

(E,z,) by the measure u if there exists the sequence
of simple functions (f_) converged almost uniformly to
f , meaning that: for every & >0 there exists the set
S eZX suchthat #(S\S;) <& and the sequence of

function converges uniformly on S; .

Preposition 3.4 ([8] ) If the function f :S —E is
measurable by g on the component (E,7,) of the
locally convex space (E,z) and AeX”, then for
every 6 >0 exists A; € X" such that (A\ Ay) <o
and the set f (A,) is totally bounded on (E,7,).

Lemma 3.5 ([4]) If the function f:S—E
measurable by £ on component (E,Ta) of the locally

is
convex space (E,7), then exists a finite sequence of
disjoint sets (S,) X" for which holds

1
1) 1(S\(S,US, u---uSk))<2—k

2) The set f(S,) is totally bounded on (E, 7).

14. A f:S>E
measurable in (E,7) if and only if it is measurable by

Preposition function is
4 inevery component (E,z,).

Proof. The right part follows from the definition of
n—measuarbility .

k
Prove the sufficient condition. Denote T, = USk . Fix
i=1

o € A and take the sequence of the sets (T,”) . Since
f(T,”)is a totally bounded set , for every & >0, there
is an open cover with the balls (RY f((S)), of the
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set f(T”) from which we can take the finite subcover

a k
(RYF((s))i
Denote
F*=T"N(R*(f(sf))eX,i=12,-r,
and
E'=FR".E"=F“\(R“UF uU---UE%).
The above sequence is a sequence of disjoint sets
T
and U E*=T7.
i=1
From their construction we have

(Vs eT) @iy efL 2,13 (p, (f(5) - F(57)) <€)
Let us construct the functi.ons

fo =2 () e +0- 2

i=1
were (V5 €T ) (P, (£, (9)— () < &)

Prove that the sequence (f,) converges almost
uniformly after 4 to the function f on (E,z,). This
follows from the fact that for every 6 >0 we
knowl!i_r)gy(l'k“) =1.

Prove that sequence of the functions (f,) converges
almost uniformly on space (E,7). For that denotes
T, = UTk“ and we have

achA
H(S\T)y =S\ JT) = s(()S\T) <6
aehA aeh

To prove that sequence (f,) converges uniformly to

the function f(X) on T, we see the inequalities

P (. (57) - f(s»—§< pa(fn<s?)—f(s»<§
or

Po(fo(s") - f(s)) <s.

and this finishes the proof.

Moreover we introduce a descriptive definition of the
Bochner integral in the case of locally convex space
generated from the family of continuous uniformly
bounded seminorms.

Let us recall some important definition of
integralability for locally convex spaces.
) A function f:S—>E is said to be
r—strongly ( or BV,) integrable if
there exists a sequence (f,) .y
measurable simple functions such that :
1. f.(s) > f(S) ae. by u intopology 7, that

istosay f is 7—strongly measurable.
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2. p, (f.(s)—f(s)) e L'(1) for every ne N

and
|imj p, (f.(s)— f(s))d =0 forevery p, el
S
3. J.A f.du convergeson (E,7) forevery AeX.
In such case we write Iimj f.du=(BV)) —I fd .
A A

()  Afunction f:S — E issaid to be integrable by

seminorm [, if there exists the subset

Spp, Of S with ,u(SO’pa ) =0 sequence

(o )nen

()0
For

lim p(f;"(5)-1(5))=0
lim [ p, (,"(5)~ f(s))du=0.

measurable simple functions
such that

every

seS\S,,

For every AeX exist the elementX, € E
such that

lmjpa(fn“(s)—xA)duzo.
S

Let us
topologies

()

introduce another definition for mixed

f:S—>Eis said to be
n—strongly (or BV,) integrable if

(o)nen
measurable simple functions (f,),_ such
that

1. f, (s)— f(s)ae by u intopology 77, so function

A function

there exists the sequence

f is 77- measurable
2. Py (. (s)—f(s)) e L'(1) forevery ne N and

lim [ py(f,(s)~ f (s))du =0.

3. _[A f.du converges at (E,77)for every AeX.

(the sequence (f,),_yis said to be representative

sequence of T .
From the definitions (1)-(111) one has
Preposition 3.7 If the function f is (BV,)-
integrable then it is (BV,) —integrable and integrable

by seminorms.
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Preposition 3.8 If the space E is sequential
complete and function f s (BV,) integrable,

sequence  (f) is representative then p,(f)) is
Bochner integrable.
Proof. We use the inequality

| o (,(8)) = po (,(8)) < P(f, (5) — P(F,(8)) and

we have

[1Po() = Po(Fo) [d gz <[ po(f, = F,)d e <& for m,n>n,
S S

It means that the sequence (P, (f,)) is the Chauchy

sequence. Moreover lim p,(f,)= p,(f) and we have
n—o0

the representative sequence of p,(f).

We close our paper with a proposition that holds only
for Banach and Frechet space

Preposition 3.9 A function f is 7 -integrable, if
and only if, it is integrable by every seminorms p, for

every ox € A .

Proof. The necessary condition follows from the
definition and preposition 3.8 by proving the sufficient
condition. We suppose that the function is inetgrable by

every seminorm P, . Show that the sequence of

functions constructed in preposition 3.7 is a
representative sequence for the function f on (E,7).

We chose a fe A that fulfills the condition
&

Py —E < P; and observe

fim [y (1(5)- f(s))dﬂ:yﬂi py(f ()~ f(s))dﬂ+1@5\jT py(f(9)— f(s)du=

:ggn;Tj Py (f(5)— f(s))dy+1erESJ; Py (f(s)du n

®)

By virtue of inequality p,(f,(s)—f(s)) < i
for every X € T, we have 0

0<lim [ p,(f,(s)- f(s) <—= u)=e ©
if " we consioder that

lim 2(S\T,) = lim (S \[JT&) =0 . since the for

every a seminorm [, is Bochner (Lebeg) integrable
and is continuous we have

lim [ p,(f(s)- f(s))du=0
S\T,
If we substitute (6) and (7) to (5), and consider that

™



ANNALS OF THE ORADEA UNIVERSITY
Fascicle of Management and Technological Engineering
ISSUE #2, SEPTEMBER 2013, http://www.imtuoradea.ro/auo.fmte/

sequence (f,) uniformly converges after x tof we
have that sequence (f,) is a representative sequence
of f on (E, 7).
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