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Abstract—In this paper we purpose a multibody type
method to determine the spatial equilibrium of a system
of bars, acted only by their own weights. The
equilibriums are obtained as the solutions of a system of
18 non-linear equations, which also offers the reactions
in the linkages. A numerical example is discussed by
two methods: the first one using an optimization
procedure to determine the minimum of the potential
energy and the second one using the technique proposed
in this paper, the results being identical.

. INTRODUCTION

He multibody methods are a new approach in
treating the dynamics of systems of rigid bodies.
Weber and Arnold [1] consider a planar mobile robot
schematized a quadrilateral mechanism with variable
lengths, which is studied with the aid of the perturbation
theory. Bai and Zhao [2] studied multibody systems with
revolute clearance joints and introduced indicators for
qualitative analysis. Nikravesh and Gim [3] used the
joint coordinate formulation for automatic generation of
the equations of motion and applied it to the dynamical
behavior of a sport car simulation. Lan et al. [4] used the
generalized multiple shooting method for the analysis of
the dynamics of elastic mechanisms. Bai et al. [5]
discussed the planar mechanisms with revolute
clearance joints wear. Hwang [6] described a method for
the closed-loop flexible mechanical systems and it used
it at a quadrilateral mechanism. McPhee [7] used the
graph theory in the study of a torque-driven planar four-
bar mechanism. Bayo and Avello [8] used Lagrangian
algorithms for the study of the constrained multibody
dynamics and applied the theory to a slider-crank
mechanism. Malczyk and Fraczek [9] treated tree
topology mechanisms or multibody systems which
contain kinematic closed loops with applications to a
double loop mechanism. Haddadpour et al. [10]
performed a comparison between genetic algorithms and
optimization techniques for the analysis of equilibrium
and discussed a planar mechanism with six elements

and a spatial slider-crank mechanism.
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Il. MATHEMATICAL MODEL

We consider the system captured in Fig. 1., consisting
in the bars OA, AA,, and A,A;, respectively, of

lengths I, I,, and I, respectively. The positions of the
centers of weight are given by the dimensions OC; =1,
AC,=r,, and ACy;=r;. The ends O and A; of the
first and the third bar are fixed, and they have the
coordinates 0, 0, 0, and X3, Y, Z3, respectively, with
respect to the fixed reference system OXYZ .
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As(Xs, Y3, Z3)
Fig. 1. Mechanical model.

One knows the masses m;, m, and m; of the three
bars. For each bar we choose the system of the principal
central axes of inertia C,x.y;z;, i=13. The principal

central moments of inertia J, , J J,, i=13, are

it Tz
also known.
The position of an arbitrary bar is defined by the

coordinates X, , Y¢,, Z¢, ofits center of weight, and

by the Bryan rotational angles v;, 6;, o;, i=13.
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In this way, the position of the system is described by The coordinates of the point A, are
18 parameters, not all of them being independents.
The bars are acted only by their own weights.

Xp Xe, L -n
[1l. THE CONSTRAINT FUNCTIONS Yo [=|Ye, [+[A] O (10)
Let [A;], i =13, the rotational matrices for the three Zn] % 0
bars. We may write
and
[Al=[wi]oi]ei], =13, (1)
in which Yo |=| Y, [+A;] O |, 11)
Zs | |2, 0
1 0 0
[wi]=[0 cosy; —siny; |, (2)  respectively, wherefrom, by equating, one gets the
0 siny; oS w; constraint functions
c0s0. 0 sine, fy = Xc, + (I, —1)cos 6, cos ¢, )
[ei]= o 1 o0 |, (3) — X, +1, 0056, C0s ¢, =0,
—sin®; 0 coso;
cosg; —sing; 0 +cosyysingy)-Ye, (13)
[p;]=|sing; cosg; 0|, i=13. () +1,(siny, sin®, cos @, + oSy, sing, ) =0,
0 0 1
It results fo =Z¢, + (I, — 1~ cos y; sin 6, cos ¢;
+sinyy sing; ) - Zc, (14)
+1,(—cos y, sinB, cos @, +siny, sing,)=0.
CeiC(Pi —CeiS(Pi Sel
A ]- SvisOice;  —syisOise; _syic; |, i=13. (5) Analogically, for the point A, we find the constraint
TOViser - +CYiCR; functions
—Cy;S0;Co;  CyiSH;S; CViCo:
L +Syish;  +syiCo; ) f; = Xe, +(I, —r,)cos 0, cos ¢,
X I; COS 05 COS 0 (15)
. ~Xe, + 03 =0,
We may write G 8 3 3
fg =Ye, + (I, —r, Xsiny,sin0, cos ¢,
Xo Xe, -n 2 .
Yo |=| Yo |+[A] 0 |, ®) +C0S 5 SiNQ, ) - Ye, (16)
Z, ch 0 +13(sin 5 Sin0; cos g +COS 4 SiNp;) =0,

1

. . fo=2Z¢, +l, — 1, \—COS v, Sin 6, cos
wherefrom one gets the constraint functions 0 =Zc, +(l—nX W2 SINE2 5592

+siny,sing, ) - Zc, (17)
fi = X¢, —1,00s0; cos; =0, @) + 15 (— c0s 5 5N 0, COS @ +siny5sing;) =0,
f, =Yg, while for the point A; we have the constraint functions
8
—r(siny, sin®; cos @, +cos y, sing; ) =0, ®)
f10=XC2 +(|2—|’2)COSQZCOS(p2—X3=O, (18)
f3 = ch
9 _ _ . -
—1,(~cos y, sin®; cos ¢, +siny; sing; )= 0. ® fla=Ye, +(I; =1, Jsiny sin6, cos ¢, (19)

+00S\y,sing,)-Y; =0,
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fio=Zc, +(l; — 1, - cos y, 5in 6, cos g, (20)
+siny,sing,)-Z; =0.

In this way, it results that the system has only 6
degrees of freedom, three of them being useless, name

them, the rotations about the axes C;x;, i =1,3.

IV. THE MATRIX OF CONSTRAINTS
We denote by {q} the vector

a=[Xc, @1 o Xe, oo 0 1)

the functions f;, i =1,12, depending on {q}.
The entries b, ; of the matrix of constraints [B] are
given by
o o

]

V.THE INERTIAL MATRICES
Using the notations in [11], [12], we have
Q=[0I oI o, fuo) fu, )]
cos0; cosg; sing; 0 i-13. (23)

=|—cos6;sing; cosg; 0],
sing; 0 1

Vi
loi}=[Qi] 6
ol R
— ;05 0; cos @; + 0;sing; | o,
=| = cos O;sing; +0; cos ¢; | =| o,
; SinB; + ¢; o,
(24)

,1=13, (25)

,1=13, (26)

where we kept into account that the axes C,x;, C;y;,

and C;z;, i=13, are principal central axes of inertia.
Since
XCi =yCi =ZCi =0’ IZ]T37 (27)
we deduce
0 —-mzg, myc, 000
[Si]=| me, 0 —mxc, |=|00 0] i=13,28)
—Mmyc, MXc, 0 000

wherefrom it results

000
[AlsiT[Qi]=j0 00 i=13, (29)
000
000
[T [siJAa T =jo 00}, i=13. (30)
000
We find
Qi [‘]ci IQi]
(3, c2¢,c26, ]
" 2| 2| Jx;C0;iCO;Sp;
+JY'5 (PiC Gi ‘]Z'Sei
' —Jy, Cp;iCH;s; :
+3,,5%6;
J,. CP;SO;sy; ,
_| TR JX.SZ(Pi+Jy-CZ(Pi 0
—Jx CoisOisg; '
‘]ziS(Pi 0 Jzi
L J
i=13, (31)
and the matrices of inertia
m 0 O
)= 0 ™0 o i=13. (32)
Y00 om, LT

o] TP o]

VI. THE EQUATION OF MOTION
This equation reads
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e bt e e [ )

busl ol bl I EF‘“Q(;E“ &)
where

e

F.j=l 0 -mgl, i=13, (35)

)=l o o], i=13, (36)

NI

EJ=alsTo) A s Tl

X‘ZZ i=13, (39
<in 0 |
B =l be Lo
Vil =13,
+[Qiﬁ‘”i][~lci IQi]:l o | 1,3 (39)
oF

while [Or’CJ is the null matrix with r rows and c

columns.
In addition, {r} defines the matrix of Lagrange’s

multipliers; it has 12 rows and 1 column.

VII. THE EQUILIBRIUM POSITIONS
At an equilibrium position, the parameters Xc., Y¢, ,

Ze,, vi 95, @, i=1,3, have constant values; hence

all their derivatives with respect to time vanish.
The moving equation (45) reads now

-[BI'td=[71, (40)
in which the matrix [T] has the expression
[T]=[00 -mg 0...0 -myg 00 Of. (41)

The relation (52) describes a system of 18 equations

21 unknowns: 12 parameters A; and 9 angles y,, 0,
01, ---» W3, 03, @5. At this system we add the 12
functions of constrain resulting a system of 30 equations
with 30 unknowns: 12 parameters A;, and the values

Xcl, Ycl, e Q3.

VIII.EXAMPLE

Let us consider the system of three bars in Fig. 2.,
where the dimensions are OA=1, AB=1I, BD=1. The
points O and D are situated on the same vertical, and
the bars are homogeneous and of same mass m.

0] Y
l I
\ /
oD 0 /
\ Ay
N
S Se=2T W
g > /
/ \ \ /
s
/ / B ~ -
[ —="\B
L |
v X
Fig. 2. Example.

We denote by 6, o, and B the angles between the

three bars and the vertical descendent bar Ox . One
knows the distance OD =1 .

One asks the equilibrium positions.

Solution 1: We may write the relations

lcosO+Icosa+lcosB=2I, Q)
Isin6+Isina+Isin=0, (ii)
wherefrom we get
cosO+coso+cosp=2, (iii)
sin@+sina+sinf=0. (iv)
The potential energy of the system reads
V =mgl(6—2.50050—1.5c0s 0. — 0.5c0s B). (v)
Keeping into account the expressions (iii), it results

V =mgl(5-2cos0—cosa). (vi)
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Writing the expressions (iii) and (iv) as

cosB=2-cosO—cosa, Sin=-sin@—sina, (viii)
by squaring and summing, we get
(20-16cos 0)cos? o

+2(26cos 0~ 20—8cos2 0)cos o (viii)

+16c0s20+25—-40cos0—4sin20=0.

Equation (viii) has two solutions, corresponding to

the first case, and Fig. 4., for the second one. Of course,
the other two equilibrium positions are given by the
symmetric ones with respect to OD .

Solution 2: We will use now the expression (40). We
will search only the equilibrium positions in the plane

OYZ . It results that the angles v, i =13, are arbitrary

and we will choose w;=0, i=13. Similarly, we
deduce the values 6; :g, i =1 3. Keeping into account

these expressions, the components of the matrix of
constraints are

o4 in the first quadrant, and to a, in the fourth
quadrant.

Considering the angle 0 as variable, from the
equation (viii) one finds the angle o and then, with the
aid of the expression (vi), one determines the potential
energy. The equilibrium positions correspond to the
local minimums of the potential energy.

One finds the values:

0=19.70975°, o =38.58306°,

B=286.07420°, V = 2.33547mgl , (ix)
and
0=0.05730°, o =299.942740,
B=59.94267°, V =2.50087mgl, (x)
respectively.
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Fig. 3. First equilibrium position.
The equilibrium positions are captured in Fig. 3., for
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Fig. 4. Second equilibrium position.

| .
by =1, byg :ECOS (Y (xi)
| | .
by, =1, by = —Ecosml, b, 6 :—Ecompl (xii)
| . I .
by =1, b3,4:—55'n(P1! b3,6=—ESIﬂ(p1, (xiii)
|
by1=1, bys :_ECOS(Pl! b7 =-1,
b1 = _IECOS P2, (xiv)
| |
s, =1, b, :ECOS(Pl! bs =ECOS(p1, bgg =-1,
| |
P10 = 5005 ®g, D5pp= ECOS P2, (xv)

I . .
b6,3 :1, b6,4 :ESIn(pl, b6,6 ZESIH(\D]_, b6,9 :_l,
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I . I . .

Pg10 = Esm P, bg1p = Esm P2, (xvi)
br7 =1, by = —IECOS ©z, braz=-1,

I ..

bra7 = _ECOS 3 (xvii)

I |

bgg =1, bg1p= ECOS 0y, bg1p= ECOS @y, bgy0=-1,

I |

Bg16="—-COSP3, Dg1g= 5005 P3, (xviii)

2

I . I .
o =1, b9,10:§5'n(P21 b9,12:§5'n(P2: Pg15=-1,

| . I . .
Dy 16 = 55'” Pz, byyg= Esm D3, (xix)
I

Bio13 =1, bios7 = —ECOS D3 (xx)

| I .
Br11a =1, bjy16= ECOS P3, byyig= ECOS P3 (xxi)

I . | . .
Bio1s =1, bypie= 55'”@3: Bio1g = Esm P3, (xxii)

One obtains the system of equations

A=Ay =0, Ay —A5=0, A3 —Ag=—Mg,
by 45 —b3 4R —b5 45 —bg 4he =0, —by5hy =0,
_b2,67‘2 - b3,67‘3 - b5,67V5 - b6,67\‘6 =0, A4 —2; =0,
As—Ag=0, Ag—Ag=—Mg,
—b5,107V5 - b6,10}\'6 - b8,107“8 - b9,1o7¥9 =0,
—b4,117¥4 - b7,117¥7 =0,
—b5,127V5 - b6,12}\'6 - b8,127“8 - b9,127¥9 =0,
Ay —ho=0, Ag—A;3=0, Ag =2y =—MQ,
—Dg16M8 —Pg16ho —Pr1z6h11 —Piageri2 =0,
_b7,177¥7 - b10,177‘10 =0,
—Dg16hg —Dgagho —Dr1gghis —biogghio =0.  (xxiii)
Since cosg; =0 (see Solution 1 where we proved that
cos®=0, it results b,s#0, and the values A, =0,
Ag=0, A; =0, A;5p=0.
The system reads now
Ay+Ai5=0, Ag+Ag=mg,
A, COS @y + AgSiNQ; — A5 COSQ; —AgSing; =0,
Ag—Ag=0, Ag—Ag
A5 COS @y —Ag SIN@, —Ag COS @, —Ag SINQ, =0,

:—mgl
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Mg =211 =0, kg —Ayp=—mMg,
—\g COS @3 — Ag SIN Q3

. (xxiv)
—A11C0S 3 —Aq,SiNQ; =0.

At these equations we add the relations (iii) and (iv)
written as

COS @ +COS P, +C0S(; —2=0, (xxv)

sing, +sine, +sing; =0. (xxvi)

The reader can easily obtain the same equilibrium
position as in the Solution 1. In addition, the parameters
A; are the values of the reactions at the points O, A,

B,and D.

IX. CONCLUSIONS

Our paper presented a new multibody type method for
the determination of the equilibrium positions. This
method leads to a system of nonlinear equations having
as unknown the parameters that define the equilibriums
and the reactions in the linkages. The system is solved
by numerical methods, the obtained equilibrium position
depending on the initial conditions chosen for the first
step of iteration. In our example we limited ourselves to
the planar equilibrium positions. Obviously, all the
positions obtained from one equilibrium positions by
rotation about the vertical axes are also equilibrium
positions. It results that our system has at least a double
uncountable infinity of equilibrium positions.
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